We consider brane-world models embedded in a five-dimensional bulk spacetime with a large extra dimension and a cosmological constant. The cosmology in 5D possesses "wave-like" character in the sense that the metric coefficients in the bulk are assumed to have the form of plane waves propagating in the fifth dimension. We model the brane as the "plane" of collision of waves propagating in opposite directions along the extra dimension. This plane is a jump discontinuity which presents the usual Z 2 symmetry of brane models. The model reproduces the generalized FLRW equation for the evolution on the brane, regardless of the specific details in 5D. Models with a timelike extra dimension are free of singularities. They present a big bounce, in contrast with the big bang typical of models with spacelike extra dimension. This bounce is an genuine effect of a timelike extra dimension. The size of the extra dimension is small today, but it is increasing if the universe is expanding with acceleration. Also, the expansion rate of the fifth dimension can be expressed in a simple way through the four-dimensional "deceleration" and Hubble parameters as −qH. These predictions hold for the three (k = 0, +1, −1) models and arbitrary cosmological constant.
Introduction
Recently, there has been an increased interest in models where our four-dimensional universe is embedded in a higher-dimensional bulk spacetime having large extra dimensions. In the braneworld scenario, standard-model fields are confined to a singular 3-brane, which is identified with our observed four-dimensional spacetime, while gravity can propagate in the extra dimension as well.
As a consequence of the confinement of matter fields to a 3-brane, solutions in brane-world theory can be obtained by solving the five-dimensional Einstein equations in the bulk and then applying Israel's boundary conditions across the brane, which is assumed to have Z 2 symmetry.
In cosmological solutions, one approach is to solve the equations in a Gaussian normal coordinate system based on our brane-universe, which is taken to be fixed at some constant value of the extra coordinate, say y = const [1] - [4] . In an alternative approach the brane is described as a domain wall moving in a five-dimensional bulk, which is the 5D analog of the static Schwarzschild-anti-de Sitter spacetime [5] - [9] .
These both approaches lead to similar results. In particular, they produce the same evolution equation, a generalized FRW equation, for the scale factor. They represent the same spacetime but in different coordinates [10] . Indeed, there exists a coordinate transformation that brings the 5D line element of the static Sch − AdS bulk used in [5] - [9] into the bulk in Gaussian normal coordinates, with static fifth dimension, used in [1] - [4] .
The condition of static fifth dimension is useful because it allows the complete integration of the brane-world equations in 5D, with no more assumptions than an equation of state. However, it is an unrealistic external restriction, not a requirement of the field equations. There is no physical reason why the "size" of the extra dimension should not change during the evolution of the universe. It is therefore interesting to analyze brane-world models without this condition. Possible implications of a non-static extra dimension include the variation of fundamental physical "constants" [11] .
Here we present an exact model where the singular nature of the brane, assumed fixed at y = const, comes out in a natural way. Namely, we assume that the metric functions in 5D are plane waves moving along the extra dimension. In a Z 2 -symmetric universe, these waves propagate, with equal but opposite speed along y, and collide at y = 0. The "plane" of collision is a jump discontinuity that we identify with our brane, and the material emerging from the (collision) discontinuity is described as an "effective" matter in 4D.
The assumption of planes waves or "wave-like" solutions in five-dimensions, similar to the one considered here, has previously been used in the literature, although in another context, by Wesson, Liu and Seahra [12] - [13] and the present author [14] .
We will see that our model reproduces the generalized Friedmann-Lemaitre-Robertson-Walker (FLRW) equation for the evolution on the brane, regardless of the specific details of the cosmology in 5D. We will show that models with timelike extra dimension present a big bounce, in contrast with a big bang in models with spacelike extra dimension, where the geometry is regular and the matter quantities are finite. This bounce is not a consequence of a repulsive cosmological term, but is an authentic effect of a timelike extra dimension.
In the case of static extra dimension, the geometry on the brane corresponds to Milne's universe.
We use it here to illustrate two important points. Firstly, from a technical viewpoint it illustrates the fact that a solution which looks complicated in 5D, depending on many parameters, might correspond to a very simple solution on the brane, regardless of the specific choice of parameters in 5D. Secondly, from a physical viewpoint it provides another example where the brane-world paradigm leads to variable cosmological term and gravitational coupling to brane matter. In addition, our plane-wave model allows us to make specific predictions regarding the extra dimension. We will show that (i) although the extra dimension is small today, it is increasing if the universe is expanding with acceleration, (ii) the expansion rate of the fifth dimension can be expressed in a simple way through the four-dimensional "deceleration" and Hubble parameters as −qH. These predictions hold for the three (k = 0, +1, −1) models and arbitrary cosmological constant.
This paper is organized as follows. In the next Section we present the general 5D-equations in the bulk as well as their solutions for the plane-wave model. In Section 3 we will see that the (generalized) FLRW equation is recovered on the brane and analyze the evolution of models with timelike and spacelike extra dimension. In Section 4, we examine the behavior of the extra dimension. Finally, in Section 5 we give a summary.
Equations in the bulk
For cosmological applications, we take metric in 5D as
where k = 0, +1, −1 and t, r, θ and φ are the usual coordinates for a spacetime with spherically symmetric spatial sections. We adopt signature (+ − −−) for spacetime and the factor ǫ can be −1 or +1 depending on whether the extra dimension is spacelike or timelike, respectively. The corresponding field equations in 5D are
where k 2 (5) is a constant introduced for dimensional considerations, (5) T AB is the energy-momentum tensor in 5D and the non-vanishing components of the Einstein tensor G AB are
and
Here a dot and a prime denote partial derivatives with respect to t and y, respectively. Introducing the function [2]
which is a first integral of the field equations, we get
In what follows we will assume that the five-dimensional energy-momentum tensor has the form
where Λ (5) is the cosmological constant in the bulk. It can be (i) positive as in the usual de Sitter (dS 5 ) solution, (ii) negative as in the brane-world scenarios where our spacetime is identified with a singular hypersurface (or 3-brane) embedded in an AdS 5 bulk, or (iii) zero as in STM where the matter in 4D is interpreted as an effect of the geometry in 5D.
Plane waves along the fifth dimension
We now assume that the metric coefficients in (1) are "wave-like" functions of the argument (t−λy):
where λ can be interpreted as the "wave number". Now, from G 0
where α is a constant of integration. Substituting this into (7) we obtain
The auxiliary function f satisfies the equation
which follows from (9), (10) and (13). Integrating we get
Consequently,
and from (12) ȧ n
After some manipulations one can verify that the remaining field equation
Thus, the complete specification of the solution requires the consideration of some physics, or a simplifying mathematical assumption, to determineȧ (or n). Then, from (17) we find n (or a). Finally, the function Φ is given by (16) . The whole solution, thus specified, depends on three parameters, α, β and λ.
Generality of the wave-like solutions
Simple power-law solutions to the above equations have been discussed by Wesson, Liu and Seahra in another context [12] , [13] . They considered a spacelike extra dimension and made some simplifying assumptions, among others that Λ (5) = k = β = 0.
The natural question to ask is whether the plane-wave model in not too restrictive as to prevent the existence of more general wave-like solutions, under less restrictive assumptions.
Before going on with our study, we should elucidate this question. We demonstrate here that the answer to this question is negative. Namely, we show a simple class of wave-like solutions, which impose no restrictions on the parameters Λ (5) , k, β or the signature of the extra dimension.
In order to complete the set of equations (16), (17) we considerΦ = 0. Then, without loss of generality we can set Φ = 1.
The solution to the above equations for a spacelike extra dimension (ǫ = −1) is
While for a timelike extra dimension (ǫ = 1),
where
and the constants A and B are related by
We note that for a de Sitter bulk (dS 5 ) the situation is reversed. Namely, for a spacelike extra dimension the time-evolution of the brane in a dS 5 bulk is given by (20) , while for a timelike by (19) . The above solution proves that the plane-wave model is not "too" restrictive, but it is compatible with a wide range of parameters. Other general solutions of this kind exist, but we will not discuss them here. What we will discuss is the plane-wave model in the context of the brane-world paradigm.
3 The brane in a Z 2 -symmetric bulk
The scenario in brane-world models is that matter fields are confined to a singular 3-brane. We now proceed to construct such a brane. For convenience the coordinate y is chosen such that the hypersurface Σ : y = 0 coincides with the brane, which is assumed to be Z 2 symmetric in the bulk background [15] - [20] . The brane is obtained by a simple "copy and paste" procedure. Namely, we cut the generating 5D spacetime, in two pieces along Σ, then copy the region y ≤ 0 and paste it in the region y ≥ 0. The result is a singular hypersurface in a Z 2 symmetric universe with metric
for y > 0 and y < 0, respectively. They can be interpreted as plane-waves propagating in "opposite" directions along the fifth dimension, and colliding at y = 0. If we introduce the normal unit (n A n A = ǫ) vector, orthogonal to hypersurfaces y = constant
then the extrinsic curvature K µν is
The metric is continuous at y = 0, but K µν is not. The jump of K µν is related to τ µν , the energy-momentum tensor of the matter on the brane, through Israel's boundary conditions, viz.,
Thus,
From the field equation
(5) T 04 and (10) it follows that
Thus τ µν represents the total conserved energy-momentum tensor on the brane. It is usually separated in two parts,
where σ is the tension of the brane in 5D, and T µν represents the energy-momentum tensor of ordinary matter in 4D. Finally, from (28), (29) and (31) we get
Equation of state
Here, in order to complete the system of equations (16), (17) we make some assumptions on the character of the matter on the brane. In cosmological applications, the ordinary matter is usually assumed to be a perfect fluid
where the energy density ρ and pressure p satisfy the isothermal equation of state, viz.,
From (26) and (23) we find
Using (24) we obtain the same expressions as in (35) but with opposite sign, as one expected. Thus, using (32) and (34) we obtain
Using (12) the last equation can be written as
which can be easily integrated if the tension σ is assumed to be constant, viz.,
where C is an integration constant. The solution in the bulk is now fully specified; substituting this expression into (16) we get Φ as a function of a. Then from (17) and (39), we obtain the differential equation for the scale factor a. This completes the solution.
The solution on the brane
The specific form of the solution in the bulk is rather cumbersome. Indeed, the function Φ = Φ(a) and the differential equation for a = a(t − λy) are difficult to manage due to the number of terms and parameters in the equations. However, if we are interested in 4D we do not have to worry about the many details of the solutions in 5D. For all we need are the equations expressed in terms of the cosmological (or proper) time τ Σ on the brane and not in terms of the coordinate time in 5D. Thus, using
the metric on the brane fixed at y = 0 becomes
where the scale factor is given by
For the energy density we find
Clearly we should require (ǫCαλ) > 0. If we make the identification
then (42) becomes
We note that the parameter β is related to the so-called Weyl or black radiation. Namely, the projection of the bulk Weyl tensor (5) C ABCD orthogonal ton A , i.e., "parallel" to spacetime, is given by
Substituting the above solution into this expression we obtain
where 8πGp W eyl = ǫE 1 1 = ǫE 2 2 = ǫE 3 3 . Thus setting β = 0 is equivalent to eliminating the contribution coming from the free gravitational field.
With (44) and (45) as the definitions of the fundamental quantities Λ (4) and G, the evolution equation (46) is the "generalized" FLRW equation. It reduces to the usual FLRW models for σ >> ρ and contains higher-dimensional modifications to general relativity. Namely, local quadratic energymomentum corrections via ρ 2 , and the nonlocal effects from the free gravitational field in the bulk, transmitted by E µν .
Spatially flat universe with Λ (4) = 0
This is an important case because astrophysical data, including the age of the universe, are compatible with cosmological models with flat (k = 0), space sections. On the other hand the bulk cosmological constant is commonly chosen so that the brane cosmological constant vanishes.
For simplicity, let us first consider β = 0. We recall that the term associated with β is related to the bulk Weyl tensor, which is constrained to be small enough at the time of nucleosynthesis and it should be negligible today.
For this case the evolution equation (42) can be exactly integrated for any value of γ in the equation of state (34), viz.,
whereτ Σ is a constant of integration. Now the energy density ρ becomes
In this model, the only restrictions on the constants α, C, σ and ǫ come from the positiveness of G and ρ. Namely −ǫσ > 0 and ǫCαλ > 0, which is equivalent to σCα < 0 (we assume λ > 0). These conditions assure that a is positive at all times. It is interesting to note the role of the signature of the extra dimension.
Big bang: For a spacelike extra dimension (ǫ = −1) we choose the constantτ Σ so that a = 0 at τ Σ = 0, for which ρ → ∞. Then G > 0, requires positive brane tension σ and Λ (4) = 0 requires Λ (5) < 0, that is a AdS-bulk.
Big bounce: The situation is different for a timelike extra dimension (ǫ = +1). Here the scale factor never reaches zero. Instead there is a finite minimum for a at τ Σ =τ Σ , before which the universe contracts and after which it expands. This minimum is
Consequently, the energy density does not diverge at τ Σ =τ Σ . Its maximum value is
Here, positiveness of G requires negative tension, and Λ (4) = 0, requires the bulk to be a dS-bulk, viz., Λ (5) > 0.
A similar exact integration can be performed for β = 0 in the radiation dominated era, p = ρ/3. The solution is obtained from the above by setting γ = 1/3 and substituting
We can see now the effects of β, on the minimum (51) for ǫ = +1. Namely
Since (−αCλα) > 0, the introduction of a positive β pushes the minimum towards the "origin", to the region 0 < a min (β) < a min (β = 0). While a negative β moves it away from the origin, to the region a min (β = 0) < a min (β) < ∞. At the intuitive level, this means that for a positive (negative) β the Weyl tensor tends to increase (decrease) the effective gravitational mass. This result is consistent with previous studies [21] .
We note that a similar "bouncing" behavior can happen in the usual FLRW modes of general relativity in presence of a large, positive cosmological constant. The interesting fact is that here the cosmological constant Λ (4) is zero; in our model the bounce is produced by the timelike extra dimension
Milne vacuum universe
We have already mentioned that the solution in the bulk can be very intricate, but very simple on the brane. A nice example of this is provided by the wave-like model withΦ = 0. The exact solution for the scale factor in the bulk is given by (19) , or (20) , and the expression for n is obtained from (12) . However, the solution on the brane is straightforward. Indeed, from (12) and (40) 
This scale factor corresponds to the Milne vacuum universe, for which the total or effective energy density ρ ef f and pressure p ef f satisfy the equation of state (ρ ef f + 3p ef f ) = 0. This is also interpreted as the equation of state for non-gravitating matter 1 .
Variable σ: An interesting feature here is that the tension of the brane is not a constant, but a function of time. Indeed, now n satisfies (16), with Φ = 1, instead of (39) which we integrated for σ = const. Therefore, if now substitute (19) , or (20) , and n =ȧ/α into (37) we obtain a function σ = σ(a) and not σ = const.
Variable G and Λ: Consequently, the fundamental quantities G and Λ (4) , for the case under consideration are variable. This does not contradict other integrations [2] with static Φ where the time dependence is determined from the boundary conditions for constant σ. What happens here is that the assumptions of plane-wave plus Φ = 1 simply leave no room for a constant σ. Different scenarios for the variation of G and Λ (4) , in the context of the brane-world paradigm, are discussed in Ref. [11] .
We would like to finish this section with the following comments:
(i) For λ = 0, the metric of the five-dimensional bulk is independent of the extra coordinate. Consequently, the brane becomes devoid of ordinary matter and there is only Weyl radiation and Λ (4) . (ii) For C = 0 the brane is empty again, although the metric does depend on the extra dimension. Thus, a non-trivial dependence of the bulk metric on the extra coordinate is a necessary, but not a sufficient, condition for the brane not to be empty.
(iii) In many papers the function n(t, y) is subjected to the boundary condition n(t, 0) = 1. We notice that in our case it is not possible to impose this condition. What we do on the brane is to define the proper time as in (40).
The extra dimension
We have seen that the solution on the brane makes no reference to the extra dimension, except for its signature. The explicit form of Φ enters nowhere in the discussion. However the model predicts a specific behavior for Φ. Indeed, from (12) , (40) and (46) we have
Thus at the "turning" points Φ = 0. These appear in closed k = +1 and bouncing models. Since
it follows that αΦ monotonically decreases (increases) if the universe is speeding down (up) during its expansion 2 . For the model discussed in Section 3.2.1.
the extra dimension is small at the present dust dominated era, namely
where we have used (49 ) and (50) with γ = 0. This is independent of the signature of the extra dimension. However, at early stages the behavior is different. Namely, for a spacelike extra coordinate, Φ decreases monotonically from a value that is formally infinite at the big bang (a = 0). Instead, for a timelike extra dimension Φ grows from zero at the time of bounce τ Σ =τ Σ until it reaches a maximum value, after which it decreases asymptotically to zero as shown in (59).
Finally we note that the relative variation of Φ has a universal character, namely,
where H and q are the Hubble and deceleration 4D parameters, respectively
According to modern observations, the universe is expanding with an acceleration, so that the parameter q is, roughly, −0.5 ± 0.2. Assuming H = h 100 × 10 −10 yr −1 we come to the estimate
where we have taken h 100 = 0.7 [29] . This estimate holds for the three cases, k = −1, 0, +1 and arbitrary cosmological constant, and set of parameters (β, σ, λ, α, C).
Summary and conclusions
We have studied brane-world cosmologies embedded in a bulk where the five-dimensional metric functions are plane-waves propagating along the extra dimension. The motivation for this has been to model the singular character of the brane as a result of the collision of waves moving in opposite directions along y. At the plane of collision the metric is continuous and the derivatives with respect to y, calculated at each side of the plane, are equal in magnitude but have opposite sign. Thus, the Z 2 symmetry used in brane-world theory is inherent to the model. As a consequence of the wave-like nature of the metric, the Einstein equations in 5D reduce to a set of two ordinary differential equations, (16) and (17), for determining the metric functions n, a and Φ. Therefore we have to complete the system of equations by making some suitable assumption. In Section 2.2 we showed a quite general solution that indicates that the 5D equations admit interesting wave-like solutions without imposing severe restrictions on the model.
In Section 3 we used the brane-world paradigm to formulate the appropriate physical assumptions to complete the model. We assumed the isothermal equation of state for ordinary matter on the brane, and obtained an equation that links n and a with the tension σ of the brane (38). So we still need another assumption. The simplest one is to consider that the tension is constant, although there are physical models where this is not a viable assumption [11] . This completes the specification of the model.
We have shown that the model gives back a generalized FLRW equation (46) for the cosmological evolution on the brane, although it is not possible to solve the five-dimensional equations exactly for an arbitrary set of the parameters appearing in the theory. This is the same equation obtained previously from models with static (Φ = 0), spacelike fifth dimension. It is important that we recover the familiar evolution equations in 4D for a wide variety of cosmologies and settings in 5D.
The signature of the extra dimension comes out in the quadratic correction, in front of ρ 2 . Consequently, its effects are important at early stages of the evolution, when this correction becomes dominating. Setting Λ (4) = 0, we find that models with a timelike extra dimension show a bounce at some finite a min , where the geometry is regular and the energy density is nonsingular. This is opposed to the big bang solutions, for a spacelike extra dimension, where the geometry suffers a breakdown and the energy density diverges. In both cases, we recover the physics of the late universe for (σ >> ρ).
Models with bounce can happen in general relativistic FLRW models that have a large, positive, cosmological constant. In contrast here we have Λ (4) = 0, and the bounce is a genuine product of the timelike extra dimension.
The Weyl tensor in the bulk affects the value of a min through β. We have shown that for arbitrary large and positive values of β, the bouncing "radius" a min can be as near as one wants to a = 0. In any case, the Weyl tensor does not affect the overall character of the solutions.
We also discussed the five-dimensional wave-like solution with static fifth dimension,Φ = 0. In 4D it corresponds to Milne's universe. The brane is not empty and the tension turns out to be a function of a. Consequently, the resulting G and Λ (4) are not constants but vary with the evolution of the universe. As we mentioned earlier, we have studied other models with similar behavior elsewhere [11] .
Our model also predicts the development of the extra dimension. In Section 4, we have seen that the dynamics of Φ is influenced by the matter on the brane through its influence on the expansion rate. The main features of Φ at early stages of the evolution are significantly affected by the signature of the extra dimension, although the late behavior is the same in both cases. On the basis of our model we can reach some general conclusions.
(i) Although Φ is small today, it is growing in size if the universe is speeding up its expansion. The opposite also holds, the size of Φ is decreasing is the universe is speeding down its expansion.
(ii) The relative change of Φ is determined by the Hubble and deceleration parameters as shown in (60).
(iii) At any time during the evolution 3 (αΦ) = Ha. We reiterate the universal character of these conclusions, in the sense that they are the same regardless of any particular scenario or specific details in the model.
